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Abstract 

We compute the semisimplified modulo p reductions of the families of crystalline represen- 
tations of the absolute Galois group of Q / constructed in [3]. 
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1 Introduction 

Let p be a fixed prime number, K = Q„/ the finite unramified extension of Q p of degree /, 
and E a finite large enough extension of K with maximal ideal wie and residue field kg- In [3] 
we constructed families of Wach modules, and compute the semisimplihed modulo p reductions 
of some of the corresponding crystalline representations VI where a. € m E , w is a paremeter 
indicating the labeled Hodge- Tate weights and I a vector specifying the family in question. The 
method used was to first show that VI - c± Vt 3 and then compute the reduction VI This was 

done in complete generality when the representation VI. - was a principal series, and subject to 
some divisibility condition involving labeled Hodge- Tate weights which ensured that the modulo 
p reduction was reducible, when it was supercuspidal. Here, we remove these conditions and 
get explicit formulas in all cases. This is achieved be displaying irreducible constituents of the 
restrictions of the characteristic zero representations to Gq 2/ and using Frobenius reciprocity. 



Acknowledgement 1 I'm deeply indebted to the authors of arXiv.0904-4658 and arXiv:0807.1078 
for their interest in "sharing" ray work. That expediated the posting of this unfinished notice. I 
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hope they like it and decide to "share" it too. I also hope that they will accept my apologies for the 
many typos it surely contains. 

We briefly recall some of the tools involved. For a detailed discussion and the corresponding 
references see [3]. 

Let K n — K((ipn) where fi p n is a primitive p n -th root of unity inside Q p and = U n >iK n . 
Let x : Gjf — > Zp be the cyclotomic character. We denote Hk — ker% =G&l(Q p /K 0o ) and 
Tk = Gk/Hk =Gsl(K 00 /K). Let Ak be the ring defined by 

oo 

Ak = { ct n n n : a n £ Ok and lim a n =0}, 

^ — J n — > — oo 

7l= — OO 

where 7r is a formal variable. Ak is equipped with a Frobenius endomorphism tp which extends 
the absolute Frobenius of Ok and is such that p(ttk) = (1 + k) p — 1. It is also equipped with a 
commuting with the Frobenius r^-action which is Ox-linear and is such that "/(ttk) — (l+7r) x ^ 7 ' — 1 
for all 7 £ Tk- The ring A^- is local with maximal ideal (p), residue field E# = fcx((7r)), where Uk 
is the residue field of K, and fraction field B^- = Ajfj^]. A (p, r)-module over Ak (respectively B^) 
is an A^- module of finite type (respectively finite dimensional B^-vector space) with continuous 
commuting semilinear actions of ip and Tk- A (tp, r)-module M over is called etale if ip*(M) = 
M, where <p*{M) is the A^-module generated by the set <p(M). 

A (cp, r)-module M over is called etale if it contains an A^-lattice which is etale over Ak - Fontaine 
proved that there is an equivalence of categories between p-adic (respectively Z p -adic) representa- 
tions of Gk and etale (<p, r)-modules over B^- (respectively Ax) given by the functor V t— > D{V) = 
(B(g)Q p V) Hk (respectively T ^ D{T) = (A® Zp T) Hk ), where A and B are period rings constructed 
by Fontaine with the properties that A^ = A Hk and B^ = M Hk . Let A K = Ok[[tt]]c A k and 
M K = A K [-] C Bx. When studying the category of E (respectively 0_E)-linear representations 
of Gk we replace B^ by E £g>Q p Mk (respectively A^ by Oe ®z p Ak)- In this case the ip and 
r^-actions are E (respectively 0£;)-linear. A natural question is to determine the types of etale 
(tp, r#-)-modules which correspond to crystalline representations of Gk via Fontaine's functor. This 
is the content of the following. 

Theorem 1.1 (Berger) Let V be an E -linear representation of Gk- The representation V is 
crystalline with Hodge-Tate weights in [—k, 0], for some non negative integer k, if and only if there 
exists a unique E ® Q M K -module N(V) contained in D(V) such that: 

1. N(V) is free of rank d = Aiu\e{V) over E ®q B^; 

2. The r K-action preserves N(V) and is trivial on N(V)/itN(V)] 

3. <p{N{V)) C N(V) and N(V)/tp* (N(V)) is killed by q k , where q = p{tt)/tt. The module N(V) is 
endowed with the filtration FiP(N(V)) = {x £ N(V) : <p(x) £ q 3 N(V)} for j>0 and N{V)/nN(V) 
is endowed with the induced filtration. Then 

D cris (V) ~ (N(V)/irN(V)) 

as filtered p-modules over i?' T '. Moreover, if T is a GK-stable, OE-lattice in V, then N(T) = 
D(T)nN(V) is a Oe®z p ^k -lattice in N{V) and the functor T i— ► N(T) gives a bijection between the 
Gk -stable, O 'e -lattices in V and the O e®z p Ak -lattices in N(V) satisfying the following conditions: 
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1. N(T) is free of rank d = dimE(V') over Oe <8>z p Ar-; 

2. The T K-action preserves N(T) and is trivial on N(T)/irN(T); 

3. (f(N(T)) C N(T) and N (T) / tp* (N (T)) is killed by q k . □ 



The modules N(V) and N(T) are called Wach modules over E <S)q p M k (respectively Oe ®z p Aj-). 
The etale (tp, iV)-module D(V) (respectively D{T)) is obtained from N(V) (respectively N(T)) 
by extension of scalars. 



1.1 Wach modules of restricted representations 

Let L be any finite unramified extension of K of degree n. We relate the Wach module of the effective 
crystalline representation V of Gk to the Wach module of V restricted to Gl- The notations Vk 
and Vl have the obvious meaning. 



Proposition 1.2 Let N(Vk) be the Wach module of the effective crystalline representation Vk- 
The Wach module of Vl is 

N(V L )=(E® Qp M+) (g) N(V K ). 
Proof. Follows immediately from Thcorcm ll.il ■ 

Fix once and for all an embedding e : E and let t l = e o ai for j = 0, 1, nf — 1, where 
a l is the absolute Frobenius of L. We fix the n/-tuple of embeddings | tl |:= (tq, ri, r„/_i). Let 
gk be the absolute Frobenius of K and er = £|z,We fix the /-tuple of embeddings | Tk |:= (sk 
£ k o <r K < e ^ ° "K X ) -There is a ring isomorphism £ K : 0^ ® Zp A K — > fT C_e[[7t]] given 

t:K^E 

byZ K (a®b)= (ar° K (b) , ar K (b) , ...,ar K 1 (6)) , where the embeddings are ordered as above and 

(CO \ CO OO 

E Pn7r n ) = Er K (Pn) ^ n for aU b = £ /3 n 7r" G A+. The ring £ [M] |rff 1 := II OfilM] 
n=0 / n=0 n=0 t:K^E 

is equipped with O^-linear actions of tp and T^- given by 

^(ao(7r),ai(7r),...,a/_i(7r)) = (ai(<p(7r)), a/_i(y>(7r)), a (tp(<n:))) 

and 7(a (7r),ai(7r), a/_i(7r)) = (a (77r), ai(77r), a/_i(77r)) 
for all 7 G Ta'. Since the restriction of &l to A" is cr/f ,we get the following commutative diagram 

O e ®z p A+ 
Ob ®z p a+ q 



where i is the natural inclusion of A K to A J and the ring homomorphism defined by 



or 'in 
e 

o 1 e l1 M 
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n— times 

For any matrix A G (o^ K ^ [[tt]] J , we denote A® n the matrix gotten by replacing each entry a 
by 5® n . The following Proposition follows immediately from the discussion above and Prop. 11.21 



Proposition 1.3 Let Vk and Vl be as in Prop. If the Wach module of N(Vk) is defined by th 



e 



actions of ip andT K given by (<p(ei), </j(e 2 ), ^(e rf )) =e-IiK and (j(ex),'y(e 2 ), ...,7(e<j)) = e-G 7 K 
for all 7 G /or some ordered base e — (ei,e2, ...,e<j), i/ien t/ie Wach module N(Vl) of Vl is 
defined by (ip(ei), y(e 2 ), <p(ed)) — e ■ Ul and (j(ei), 7(e 2 ), ...,7(ed)) = e • G^ /or a// 7 G Tl, 
w/iere II L = {U K f n and G\ = (G 7 K f n for all 7 G r L . 



Remark 1.4 TTie analogue of Proposition uTE for filtered tp -modules and for an arbitrary base is 
generally false. 



2 Computing reductions 



For each i G {0, 1, 2, 2/— 1} let \ ei be the i? x -valued Lubin-Tate character of Gq 2/ constructed 
in [3] & 2] with kj = for j G {0, 1, 2, 2/— 1} with j ^ i—1 (we use the convention fco = fc 2 /) and 
fci+i = 1. For any G G O^, let 77c 1 : Gq p/ — > 0^ be the unramificd character which sends ctq p/ to 
G. Recall the notations of [3, & 1.2] which will be used throughout. We will need the following 
elementary fact. 

Lemma 2.1 Let F be any field, G any group and H any finite index subgroup. Let V be an 
irreducible finite- dimensional FG-module whose restriction to H contains some FH-submodule W 
with dim F V = [G :H] dim F W. Then V ~ Ind% (W) . 

Proof. By Frobenius reciprocity there exists some nonzero a EHompGilnd^ (W) ,V). It is an 
isomorphism because V is irreducible and Ind^r (W) and V have the same dimension over E. ■ 

Example 2.2 Let fej, i = 0,1 be positive integers and a G vnr E . Consider the crystalline two- 
dimensional E -representation V^?~^ of Gq 2 with labeled Hodge-Tate weights ({0, — fco}, {0, — fei}) 
corresponding to the weakly admissible filtered ip-modules (£)?'-?, tp) with 

where cti = a,ip m and 

if 3 < 0, 
i/1 < i < w , 

«/ 1 + «->o < i < u>i, 
«/j > l + toi, 

where x = (1, 1) and y = (-a Q ,ai). By ^ k 6.1/ V^f ~ V^f for all a G m|. 



FiP(D^'° 

v id. a 



(2,5)^ 



(J5 x J5)tft ffi (J5 x £)77 2 
(J5 x E)fi (xrn +ym) 
(E x E)f Il (xn 1 +ym) 
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Proposition 2.3 V {2 1 5) 



«„4 



Proof. The Wach module of V^ 2 '^ has been constructed in [31 & 6.11 and the Wach module of 

u;,0 1 — J 

the restriction to Gq 4 is given by Prop. 11.21 The filtered (^-module (D, (p) coresponding to the 
restriction of to Gq 4 (by a computation as in [3] & 6.1]) is 



where a,- 



CLiP 



{vim), vim)) = ivi,m) 

and 



(ai,p k0 ,ai,p k0 ) (-1,0,-1,0) 
(p k \a ,p k \a ) (0 , 1, , 1) 



FiP (D) = 



(Ex Ex E x E)rf! (E x E x E x E)r\ 2 
(ExExExE) (fi f 2 m 
(ExExExE) (f h f 2 m 


(2,5) 



if j<0, 

if 1 < j < w , 

if 1 + wo < j < wi, 

if j > 1 + w%, 



with fj j is as in [51 & 6.1]. Notice that the restriction of Vi I to Gq 4 has labeled Hodge- 

Tate weights ({0, — ko}, {0, — fci}, {0, — k }, {0, — fci})- We change the base to have the matrix of 
Frobenius in the standard form of [3j & 5.2.1]. We write [<p] v = Pi x P 2 x P 3 x Po and look for a 
change of base matrix Q — Qi x Q 2 x Q 3 x Q such that [ip]e ■— Q['p] v 'p{Q)~ 1 is diagonal. Since 
[ip] v =diag(— p ko+kl • 1, —p k o+ k i . i) we proceed as in the proof of [21 Proof of Claim in Lemma 2.3]. 



Let Qi = Q 2 = Id, Q = Q 3 = 

(0 . 







*i 



/-Ip 
,1,1 
^,0,0^ 

(ei,e 2 ) = {m,m)Q, Me ^^s^V^p^ ,p 



Q 



-i P 



0) 



-*1 



then 



lp~ 

, 



r=\ v - 
o , 



^,o,o,V 
i , i 



■ip- 



o ) 



-ip 2 , i , -v-ip 2 , i, -v-ip 



,p 



fco 



and 



FiP'(D) = 



(E x Ex Ex E)ei ® (E x E x E x E)e 2 
(ExExExE) (f Io f 2 (fei + ye 2 ) 
(ExExExE) (f h f 2 (xex + ye 2 ) 




ifj<0, 

if 1 < j < w , 

if 1 + u> < j < wi, 

if J > 1 + wi, 



where x = (0, 1, 1, 0) and y = (\/~^lp ? , 0, 0, y/—lp * j . By [3J Prop. 5.1] (D, ip) is decomposable 

and D 2 := (E x E x E x E)r\ 2 with FiP (Z>2) = D 2 (~\FiV (D) is a weakly admissible summand. By 
a direct computation (or by the proof of Prop. 3.7 in [2]), 



FiP (AO - 



(Ex Ex Ex E)e 2 
(ExExExE) (f > ) 8 12 (1,0,0,1) e 2 
(ExExExE) (/ 7l f 2 (l,0,0,l)e 2 




if J < 0, 

if 1 < j < w , 

if 1 + w < j < wx, 

if j > 1 + wi, 



and by [31 Prop 2.5] the later is isomorphic to the weakly admissible filtered </?-module with 
ip(e 2 ) = (v^— T, \f— lp kl , \f—lp k °) e 2 and filtration as above. The character my^i is t ne 
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restriction to Q p 4 of the unramified character of Gq p which maps o~q p to y — 1, and by Prop. 
11.21 the filtered (^-module corresponding to rj is (D(rj ^-rx), <p) with trivial filtration and <£>(e) = 
{sf— T) v 7 ^!) V 7 ""!; v 7 — 1) e. By [3J Prop 2.4], the crystalline representation corresponding to (D 2 , ip) 
is X = ' Xea ' Xe°- Since the representation V^g- is irreducible (c.f. [3J & 6.1]), the first 

isomorphism of the Proposition follows by Lemma 1 2. II The other isomorphism is shown similarly. 
■ 

Remark 2.4 By Prop. \1.2\ and [3, Prop. 2.4] one easily sees that the character rj • ' Xe° 
therefore Xe ' Xe) does not extend to Gq 2 . This is also clear by Frobenius reciprocity, since 



V_ I is irreducible and y is an irreducible constituent of its restriction to Go . ■ 

In the followin Corollary and for the rest of the paper the characters u>i,fi are as in [3j & 5.1] with 
K = %i. 

Corollary 2.5 For any a S m E , 

(mY S \ ^A,-*i.,.,-^/TN/',.,-*i.,.,-fc' " 



W 4,f! • W 4,r 2 



Moreover, for any a € m\ the representation V^'? is irreducible if and only if (1 + p 2 )(l + p) \ 
fci +pfc . 

1+ 2 

Proof. By [3, Cor. 5.5], det vi 2 l 5) = u^-ui^l = (u>^° ■ uj^^j P . By the previous Proposition 
and[3j & 5.1], ((vgf)") = • «>Zg) • " det vgf) . The Corollary 

follows from the formulas in [3j & 5.1]. If (l +p 2 ) (1+p) | fci+pfco, the reduction [(yl 2 i. J ' ) ) J 

\\ ' / / |J Qj)2 

was computed in [3J by showing that V~ I is reducible. Conversely, suppose that Vi%°> is reducible, 

then by [U Prop. 2.7], there exist integers m x , m 2 such that w™ 1 ffiw™ 2 ~ w^ 1_pfco ffiw^ 1_pfeo)p2 , 

where uj is as in [l, & 2.1]. This implies that J^" 11 © <4 1+p2)ma ~ ^- pfeo © wi^f 1-pfco),,a , 
therefore (1 + p 2 )mi = (—fci — pfco)mod(p 4 — 1) and (1 + p 2 )ni2 = (— fci — pk2)p 2 mod(p 4 — 1), or 
(l+p 2 )mi = {—ki—pk,2)p 2 mod(p 4 — 1) and (l+p 2 )m2 = (—fci — pko) mod(p 4 — 1). In any case mi = 
ni2 mod(p 2 — 1) and we may assume that mi = TO2- Then (—fci — pk2)p 2 = —fci — pfco mod(p 4 — 1) 
and (l +p 2 ) (1 +p) | fci +pfc . ■ 



Example 2.6 Let hi, i = 0, 1 &e positive integers and a £ m E . Consider the crystalline two- 
admissible filtered ^-modules (p) defined by 



(2 S) 

dimensional E -representation I of Gq 2 with labeled Hodge-Tate corresponding to the weakly 



MriM*)) = (-M) 
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where on = dip m and 



(E x E)m © (E x E)r] 2 ifj<0, 

(E x E)f Io (St]i + yn 2 ) if 1 < 3 < w , 

(E x E)fi 1 (xrj! +yr] 2 ) if 1 + w o < 3 < w i , 

jf j > 1 + wi , 



with x = (0, 1) and y — (1, cti). In J3J & O/ we proved that V^'^ ~ V^g BJ / or a ^ « S m|; 



r(2,8) 



Proposition 2.7 vl 2 : 8) 



Proof. We proceed as in the previous Example, preserving the notation. Here, 
(0,1,1,0) 

~p^,o,o,v^V 



— lp 2 , 0, o, v~ip 2 
(0,1,1,0 



(ei, e 2 ) = (m,m) Q, Me =diag 



- lp 2 . 1 ? — \p 2 , p' 



-lp i ,p k °, 



■ lp 2 , 1 ) ) and 



FiP(D) 



(Ex Ex Ex E)ei ® (E x E x E x E)e 2 if j < 0, 

(Ex Ex Ex E) (f Io f 2 (xe x + ye 2 ) if 1 < j < w Q , 

(Ex Ex Ex E) (f h f 2 (xei + ye 2 ) if 1 + w < j < wx, 

ifj>l + wi, 



with x = (^/—lp 2 1 , 1, 0, 0^ and y — (q, 0, 1, \J— lp ^ ^ . By Prop. 5.1 in [3J, (D, (p) is decomposable 

and D 2 := (E x E x E x E)n 2 with ip(e 2 ) = (-^f^lp^ ,p k ° , — v/^IpTr , l) e 2 and FiP'(D 2 ) = 

Z)2nFil J (D) is a weakly admissible summand. By a direct computation (or by the proof of Prop. 
3.7 in 0), 



FiP(D 2 



(Ex Ex Ex E)e 2 if j < 0, 

(Ex Ex Ex E) (f Io f 2 (1, 0, 0, 1) e 2 if 1 < j < «,„, 

(Ex Ex Ex E) (f h f 2 (1, 0, 0, 1) e 2 if 1 + iu < j < vh, 

if j > 1 + wi , 



The corresponding crystalline representation is r\ • x k ° ■ Xe2 ■ Since the representation V^'^ is 
irreducible (c.f. [H & 6.2]), the Proposition follows by Lemma [2.11 Notice that the character 
Xe° ' Xel does not extend to Gq p2 . m 

Corollary 2.8 For any a € m 2 E , 

{(v {2 i 



— fen 



#)©(■ 



fcn — fel 

W 4,f • W 4,-fi 



Moreover, for any a €E the representation V^?'^ is irreducible if and only if (1 + p 2 )(l + p) \ 
k +pk\. 
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Proof. Identical to that of Cor. 12.51 Notice that in [31 Prop. 6.4] there is a sign error; one should 
replace — pko +p 2 ki by — pk n — p 2 ki. m 

Example 2.9 Let K = <Q p / and letkg,ki, .. be positive integers with k — max{fco,fci,..., kf_i}. 
Consider the following four types of matrices Pi(Xi) 

<«= ( ; ^ ) <'»■ ( T -i ) <™> ( ^" t ) <m ( • & ) . 

where Xi are polynomial variables and m — |_^Ex_|- Let a = (ax, <z/-i,ao) S m^. Consider the 
families of matrices of GL 2 { \\ E) obtained from the matrices P L {X) = P\(X{) xP2{X 2 ) x • • ■ x 

Pf_l(Xf_x) x P (X ) by substituting Xj = aj in Pj(Xj). The exponents t= (ii, i 2 , if-i, io) 
are vectors in {1,2,3,4}-^ with ij being the type of the matrix Pj(Xj) for all j G Iq. The fil- 
tered (p-modules £H- s = ( } { E)r]\ © ( } J E)r}2 with Frobenius endomorphisms defined by 

- i< • /•: - i< • /: 

(^(771), ^(772)) = (ni,rj 2 )P l '(a) and filtrations 

( II E)rn®{ II S)r? 2 ifj<0, 

t-.K^E r:K^E 

( II ^)(^1 + OT2) «/ 1 < j < W Q , 
t-.K^E 

( II E )fh fivi + ym) ifi + w <j<wi, 

t-.K^E 



( II E)fi t -x(xm + ym) if i + w-z < j < wt-i, 

t-.K^E 

ifj>l+Wt-i, 



with x = {x ,xi, ...,Xf-i) andy = (y ,yx,—,yf-i) and 

(1,0) if it = 1, 

ist.ift; - s (o,i) if i t = 3, 

{l,a t p m ) if i t =4 

are weakly admissible (c.f. [3J & 4.2]), and correspond to two-dimensional _E-linear crystalline 
representations Vt s of Gk- For [if : Q p ] even the reductions V~ s have been computed in [31 Cor. 

5.10, Prop 5.15 and Thm 5.6]. There it was also shown that Fj 5 ~ for any i"g {1,2,3,4}-^ 



and a S m^. We compute V~ - for [if : Q p ] odd. We write Pj(Xj) = I ^ J ) with {/3j,7j} 
{ — l,p fcj } for all Let 

if j is odd and /3j = — 1 



fci if j is odd and (3j — p kj , 
if j is even and jj = — 1 , 
fci if j is even and 7^ = p kj , 

t = #{j : £j = 0} and Sj = kj — £j. In the following Proposition Xet are the E x -valued Lubin-Tate 
characters of Gq 2 , defined in the beginning of the Section. 
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Proposition 2.10 /// is odd, Vl g ~ Ind G ^ (^^piyr ■ xl\ ■ X% ■ ■ ■•xfe-i • x£ 

Proof. By the construction of the Wach modules of the representations Vt.- (c.f. [3], & 4.1]), 
there exists a Gn , -stable O^-lattice Tg„ in Vi 3 with Wach module whise cs-action is defined 

by(^ 1 ),^ 2 )) = (, 1 , )72 )n,withn=( ( (c ^ 2 ° ; — ^'^■7^;^ ) ,where 0j = 

u. '^ n ^n u.' and Ci = \ te'- fr^' The lattice Tg„ has Wach module whose cp- 

q k * if /3 { = p k * I 9 11 li = P ■ p 2/ 

action is defined by ((f(r)x), ^(772)) = (771, ^2) IP 32 . We base-change by the matrix Q = Qo x Qi x ■ ■ ■ x 
Q f-i, where Qi — Id for even i and Q.; = ( ^ ^ ^ for odd i and the matrix of ip with respect to the 

base (ei, e 2 ) := (771,772) <9 is [</>]e =diag((&i, c 2 , 63, &2/-1, Co) , (ci, o 2 , c 3 , c 2 /_i, &o)) and see that 
the rank-one Wach module with Frobenious endomorphism defined by <p(e) = (b±, c 2 , 63, 62/— 1> Co) e 
is its Wach submodule. The corresponding crystalline representation x = V 2 {/ (-i)* ' ^ei ' 

XeVf-i • Xeo i s a subrepresentation of the restriction of g to Gq 2/ . The Proposition follows by 



Lemma [2711 since Ft - is irreducible (c.f. 13, Prop. 5.121). ■ 

w,0 v !— J ' 

Corollary 2.11 ///is odd, 



, , ,-*2 , -to 

W 2/,f 2 W 2/,r 3 W 2/,r W 2/,n 



/or anj/ a G and any i. Moreover, for any a £ i/ie representation Vjj- s is irreducible if and 
only i/%-i +p4 +P 2 ^i H hp 2/ 4/-i ^ Omod^ + 1). 



Proof. As in the proof of Prop. 12.51 

((^)")„ v - (n^v. + ,)©((n^,,) •*(««. 

with indices viewed modulo 2/. Since (w 2 /,Ti) 1+P = w /,t; for all i = 0, 1, ...,/— 1 



'2/ \ 2/-1 2/-1 



1- 



* n4 i+1 -let vs, 3 = n <■*,<• n <■*,<• ik* 



i=0 i=0 \i=0 

i even i odd 

and 0i—p k i and ji=p k i 



By the definition of the ^, and given that {f3i,ji} = {— l,p *} for all i, 

2/-1 2/-1 2/-1 



II <4/,i • II <4/,i = II 



i=0 i=0 i=0 

i even i odd 

and j3i—p k i and ji=p k i 
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and the product ~k equals 




i even i odd 

yand pi—p k i and ji—p k i 



The irreducibility statement is proved exactly as in Cor. 12. 5[ where the reducibility of V~ s when 
%-i +pto +P 2 h H hp 2/ %-i = Omod(p^ + 1) is known by the proof of [31 Thm. 5.13]. ■ 
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